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Aeroelasticity of Composite Aerovehicle
Wings in Supersonic Flows

Zhanming Qin,* Liviu Librescu,” and Piergiovanni Marzocca®
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0219

A comprehensive aeroelastic model developed toward investigating the static divergence, flutter, and dynamic
aeroelastic response of composite aerovehicle wings to sharp-edged gust and blast loads in supersonic flowfield is
presented. The aerovehicle wings are modeled as an anisotropic composite thin-walled beam structure featuring
circumferentially asymmetric stiffness lay up that generates preferred elastic couplings. A number of nonclassical
effects, such as transverse shear, warping restraint, and three-dimensional strain effects, are incorporated in the
structural model. Based on the concept of two-dimensional indicial functions considered in conjunction with the
aerodynamicstrip theory extended to three-dimensional wing model, the unsteady aerodynamicloadsin supersonic
flows are derived. The effect of elastic tailoring and the implications of transverse shear, warping restraint on
divergence and dynamic response of selected wing configurations are investigated, and pertinent conclusions are

outlined.
Nomenclature
AR = wing aspectratio, L/b
a(s) = geometric quantity; see Eq. (2) and Fig. 3
a;; = one-dimensional global stiffness coefficients
s = undisturbed speed of sound
b,d = semichord and semidepth of the beam normal
cross section, respectively
b; = inertia coefficient
E;; = Young’s modulus of orthotropic materials
in the material coordinate system
h(s) = wall thickness as the function of the midline
contour §
L = wing semispan
L., T, = unsteady aerodynamic lift and moment,
respectively
L, = lift caused by the blast
L, T, = lift and moment caused by the gust, respectively
[ = number of the aerodynamic lag terms;
see Egs. (15a) and (15b)
(Mp), = divergence Mach number (chordwise)
MEiigh = flight Mach number, Uy, /do
(Miight)n = U, /ax
m = number of the structural modes included
in the actual calculation
m; = number of the constituentlayers
P, = nondimensional pressure intensity, b P,, / (2b, U, 3);
see Eq. (18)
r = pulse length factor of the blast; see Eq. (18)
(s,y,n) = local coordinate system; see Fig. 1
t ty = dimensional time variables
Uy, U, = streamwise and chordwise freestream speed,
respectively, U, = U, cos A,
uo(y, ), = displacement components of the cross section
vo(y, 1), (measuredat x =0,z=0)in x, y,
wo(y, t) and z directions, respectively
Vs = peak gust velocity, a measure of the gust intensity
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we | = time-domain gust function

(Wo, @, 0;) nondimensiongl quantAities
(12)0 = wU/Zb’ ¢ = ¢’ 9,\' = 9\')

X, «n = X am X n matrix

X7 = transpose of the matrix or vector X

(x,y,2) = global coordinate system; see Fig. 1

Vy:(y, 1), = transverse shear strains of the cross

Yo (¥, D), section and the twist about the y axis,

¢y, 1) respectively

n = nondimensionalspanwise coordinate, y/L

0.(y,1), = rotations of the cross section

0.(y,t) about the x, z axes

9 = ply orientationangle

/0,/ = layup scheme

A, = effective sweep angle,
tan A, = tan Ag/\/(lehght -1

A, = geometric sweep angle

Doo = mass density of the undisturbed flow

T, T = nondimensionaltime variables, 7 = U,t/b,
T0o=U,t/b

7, = positive phase duration of the pressure pulse
of the blast; see Eq. (18)

(Do)y, = cross-sectional aerodynamic lift and moment

(Pem) s indicial functions to a step change of plunging
(x =0, the moment about the leading edge;
x = c¢/2, about the midchord)

(DPeg)xs = cross-sectional aerodynamic lift and moment

(Pemq)x indicial functions to a step change of pitching
(x =0, both pitching and the moment about the
leading edge; x =c/2, about the midchord)

We)ep = indicial aerodynamic lift caused
by the sharp-edged gust

(Yem)es2 indicial aerodynamic moment (about the
midchord) caused by the sharp-edged gust

Ps) = torsional function; see Eq. (4)

©. () = @O/, /0%

(ONG) = (3()/0t,8%()/d7%)

O, = @O/, 82()/0y%)

O OH = @0O/8m. O/

Introduction
ECAUSE of their high structural efficiency and significant
potential advantages, thin-walled beam structures made of
anisotropic composite materials are likely to be widely used in the
designof new generationof flight vehicles. The potentialadvantages
come from the proper exploitation of the material’s directionality
property, which, in the contextof aeroelasticity,has generated a new
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technology referred to as the aeroelastic tailoring.! However, com-
pared with the metallic thin-walled beams, the behavior of the com-
posite ones is much more complex in the sense that it is influenced
by a number of important nonclassical effects such as transverse
shear, warping inhibition (or warping restraint), nonuniformity of
shear stiffness,>~'? and three-dimensional strain effects.!% 13 It is
well known that within the classical Euler-Bernoulli beam model
the ratio of Young’s modulus to transverse shearing modulus is as-
sumed to be zero, implying that the transverse shear stiffness is
infinite. However, for anisotropic composite material this ratio can
be of the order O(100). Moreover, for finite span aerovehicle wings
featuring nonuniformdistributionof the aerodynamictwist moment
the classical St. Venant twist model has to be discarded in favor of
the restrained twist model. In addition, as revealed in Ref. 5, the
nonuniformity of shear stiffness has a significant influence on the
warping, and as a result, it has to be considered. Toward a reliable
aerovehicle wing design, it is of vital importance to use a structural
model that effectively captures these effects and, based on it, to in-
vestigate the aeroelastic instability and the aeroelastic response. In
fact, during the past two decades, a number of analytical thin-walled
beam models have been proposed (e.g., see Refs. 5-7 and 10-15).
However, most of the available works have been focused on the
modeling and validation (especially static validation)-¢!2=15 and
very few ones have applied the concept of thin-walled beams on the
aeroelasticproblems (see Refs. 2,4, 7, and 8 on the static divergence
and free-vibration analyses).

A plate-beam model has been used for investigating the warping
restraint and transverse shear on the static divergence and flutter
instabilities.'® Because the aerovehicledesign is primarily based on
the principle of thin-walled beams, it is desirable to investigate the
aeroelastic instability and aeroelastic response directly within the
framework of thin-walled beams. To the best of the authors’ knowl-
edge, the specializedliteraturedevoted to the study of aeroelasticin-
stability and dynamic aeroelasticresponse of composite aerovehicle
wings, which are modeled as anisotropic thin-walled beams in su-
personic flows, is quite void of such investigation. In the following
section a refined thin-walled beam model thatincorporatesall of the
just-mentionedmajor nonclassicaleffects will be adopted. The basic
assumptions underlying this model have been proposed in Refs. 4
and 11.

Structural Modeling

A single-cell, closed cross-section, fiber-reinforced composite
thin-walled beam is used in the modeling of composite aerovehi-
cle wings toward the study of the dynamic aeroelasticresponse. As
stated in the preceding section, the major nonclassical effects such
as transverse shear, anisotropy of the constituent material, warping
restraint, and three-dimensional strain effects have to be included
in the structural model. In the original formulation of the beam
theory,*"- the variation of contour-wise shear stiffness was not ac-
counted for. However, the theory was later extended to account for
these effects in a nonlinear theory.!! For the geometric configura-
tion and the chosen coordinate system that is usually adopted in the
analyses of aerovehicle wings, see Figs. 1-3. Based on the basic as-
sumptions statedin Refs. 4,7, 8, and 10, the followingrepresentation
of the three-dimensional displacement quantities is postulated:

”(X,y, Z,t)=”0(y,t)+z¢(y,t) (la)

dz
vx,y,z, 1) = vy, 1)+ |:X(S) - "Ei|9:(y, 1)

dx
+ |:Z(S) + HE}QX(% 1) = [Fu(s) + na(s)lg'(y, 1) (1b)

wx, y,z,1) = wo(y, 1) — x$(y, 1) (1o)
where

0. (v, 1) = yy:(y, 1) —we(y, 1)

0-(y, 1) = yuy 0, 1) —uo(y, 1)

dz dx
a(s) = —(z— +x—> (2)
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Fig. 1 Geometry of the aerovehicle wing modeled as a thin-walled
beam model.
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Fig. 2 Geometry of the normal cross section.
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Fig. 3 Displacement field for the beam model: ——, the midline con-
tour.

In the preceding expressions 6, (y, t), 6.(y, t), and ¢ (y, ) denote
the rotations of the cross section about the axes x, z and the twist
about the y axis, respectively,and y,.(y, f) and y,, (y, f) denote the
transverse shear-strain measures.

The warping function in Eq. (1b) is expressed as

Fy(s) =/ [ra(s) — o (s)]ds 3)
0
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in which the torsional function g (s) and the quantity r,(s) are ex-
pressed as

$.ra(5)ds
o (s) = — =
h(5)G,y(s) $.1d5/h(5)G,,(5)]
I 4
() = 2 ds * ds “)

where G, (s) is the effective membrane shear stiffness, which is
defined as'!

Gyy(s) = Ny __ 5
’ h(s)yg, (s)

N,, denoting membrane shear stress constant.

For the thin-walled beam theory considered here, the six kine-
maticvariablesuﬂ(y7 t)’ UU(Y» t)’ wo(% t)’ g,v(y7 t)’ 9:(% t)’ ¢(y7 t)’
whichrepresentone-dimensionaldisplacementmeasures,constitute
the basic unknowns of the problem. When the transverse shear ef-
fect is ignored, Eq. (2) degenerates to 6, = —w,, - = —u,, and as
a result, the number of basic unknown quantities reduces to four.
Such a case leads to the classical, unshearable beam model.

The strains contributing to the potential energy are as follows.

Spanwise strain:

£y (1,5, y,1) = 2 (s, y, 1) + el (5, y,1) (62)
where

£0,(5, 7,0 = v(y, 1) +0.(y, Hx (¥, 1) — ¢"(y, ) Fu(s) (6b)

ey, (s, y, 1) = -0, (y,t) +9 v, )— —a()¢"(y, 1) (6c)

are the axial strain components associated with the primary and
secondary warping, respectively.
Tangential shear strain:

Voy (5,5, 0) = y3(5, 3, 1) + 9 ()¢ (v, 1) (7a)

where

dx dz
yy\(s‘ y»t)_yry +y)u_ (u +9) +(w0+9)_ (7b)

ds

Transverse shear-strain measure:

dx
+ Yy = — () +9)

- +(w0+9)

dz
yny(s» Y»t) - y\'yd

(8)

The stress resultants and stress couples can be reduced to the fol-
lowing expressions:

Nyy Ky K Kz Ky Es.v
Nyy _ Ky Ky Ky Kyl |y ©a)
Ly, Ky Ky Kyz Ky &
Ly, K51 K5y Ks3 Ksy &
Noy = (Ass = Al [ Ass) vy (9b)

in which the reduced stiffness coefficients K;;, the stress resultants
N,,, Ny,, and the stresscouples L ,, L,, are defined in Appendix A.
As to the systematic validation of the preceding structural model,

the reader is referred to Ref. 17.

Time-Domain Aerodynamic Loads in Supersonic Flows:
An Indicial Function Approach
Unsteady Aerodynamic Loads

Compared with the mature and deeply entrenched oscillatory
compressible unsteady aerodynamic models, the indicial function-
based aerodynamic models (see Ref. 18, pp. 367-375) provide an
efficient approach for describing the compressible unsteady flow.
The efficiency stems from the facts that 1) once the proper indicial
functionsareavailable,the linearizedunsteadyaerodynamicloadsto
arbitrary small motion can be derived through Duhamel’s convolu-
tion; 2) the indicial functionsinvolved can be derived/approximated
via various approaches, such as rational approximation, formula-
tion by computational fluid dynamics (CFD)'; or with the aid of
experiments’®; 3) derivation of indicial functions via CFD can be
severalorders faster than the direct CFD simulations.! In fact, based
on the concept of indicial functions a unified representationof lin-
ear unsteady aerodynamic loads in incompressible, compressible
subsonic and supersonic flows can be developed. In case of two-
dimensional incompressible flow the indicial function is the classi-
cal Wagner function; extensions of the concept of indicial functions
to two- or three-dimensional unsteady compressible subsonic and
supersonic flows were conducted by numerous investigators (see
Refs. 18-22 and the references therein). By the Volterra integral
theory this concept has been extended to nonlinear aerodynamics
(see Refs. 23 and 24) and applied to the modeling of gust-induced
aerodynamicloads (see Ref. 18, pp. 286288 and 374).

In this section, in conjunction with the aerodynamic strip the-
ory, a set of analytical two-dimensional indicial functions in super-
sonic flow derived in exact form (see Ref. 18, pp. 371 and 372) are
adopted toward the study of dynamic aeroelastic response of three-
dimensional aerovehicle wings. For the investigation of aeroelastic
instability of composite structures, additional advantage emerging
from their use consists of the possibility of simultaneously inves-
tigating both the static and dynamic aeroelastic instabilities > An
extensive validation of two-dimensional indicial functions in se-
lected flight speed regimes, such as the incompressible, subsonic
compressible, supersonic, and high supersonic ones, is provided in
Ref. 21.

The vertical velocity of fluid particles forced by the wing motion
(positive upward) can be expressed in nondimensional form as

(&, n,7) U[(z* <13+2—aﬁ)0t A)
Wy X, n,7)=U, Wy — v an A\,
AR an
3 1 5 3
_£(¢+Ez_(ztanl\e>i| = U, (War — Xpap) (10a)

where we define

“ N 2; 2 dwy A,
war(m, 7) = | 2wo — ¢+E_8 tan
w0 = (64222
dp(n, 7) = <¢ + R o tanAe> (10b)

Denote (®.)o(t), (Pem)o(t) as the indiciallift and moment func-
tions (about the leading edge, as denoted by the subscript 0) caused
by the unit step change of the vertical translational velocity. The
subscriptc represents “compressible’” As a result, the aerodynamic
lift and moment about the midchord (taken as the reference axis;
see Fig. 1) are

Lr(n.7) = _ﬂpooU,?(zb){[ﬁ)aT(n» 0) + ¢;aP(n7 0)1(Pe)o(r)

/’ Bltoyr (1. o) + bup (7. 0)]
J’_
8 do

(Pe)o(T —G)da} (11a)
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Tyr(n, 1) = =P U, (2b)° { [Dir (0. 0) + $up (1, O (o ()

o do

+bLy(n, ) (11b)

where the ratio (Pem)o(7)/(P.)o(r) measures the location of the
aerodynamic center (fraction of the whole chord length from the
leading edge). Upon denoting (®¢q)o(7), (Pemq)o(t) as the indicial
lift and moment functions (about the leading edge) as a result of
the unit step change of the pitching rate at the leading edge, the
corresponding aerodynamic lift and moment about the midchord
are

Ly, 1) = 2ﬂpooU,f(2b){[<i§ap(n, 0)1(Peglo(T)

+/ M(ch)g(r—a)da} (12a)
0 do

qu(’?, T) = 27Tpoo U,?(Zb)z [$aP(n» 0)((1)ch)0(‘[)

+ / %(@M)m—a}da]+qu<n,f> (125)
0

Similarly, the ratio (Pemgq)o(t)/(Peq)o(T) measures the location
of the aerodynamic center (fraction of the whole chord length from
the leading edge). The coefficient 2 in Eqs. (11) and (12) is not
related to the incompressibleliftslope. Instead, the influence of com-
pressibility is embedded entirely in the indicial functions (®.)o(7),
(Deg)o(T), (Pem)o(T), and (Pemg)o(T) (see Ref. 18, pp. 367-375).

As aresult, the total unsteady aerodynamic lift L, (positive up-
wards) and the moment about the midchord 7. (positive nose up)
are

Lac(nﬁ T) = LT(”? T) + Lq (777 T)

= —7pU; (2b) [ﬁ)aTo% 0)(®e)e2()

+ f 801 9) 4 3 — cr)da}
5 do

+27pa U2(2D) [ém(m 0) (Deq)esa(7)

+ f 382 9) @, )o(z — o) do (13a)
0 do
Tac(n» T) = TyT(’% )+ qu(ﬁ, 7)

= —7pU; (2) [ﬁ)aT(n» 0)(@em)e2(7)

+ f W@M)m(r—a)da}
0 o

+2mp U2(2D) [ém(m 0)(Peytg)eya (T)

+ f M@m)dz(f) da] (13b)
0 o

where
(Po)epa(t) = (Pe)o(T)

(@ch)c/z(T) = (@ch)o(T) - %(@cM)o(T)

+ 3 (Peq)o(t) — $(P)o(7) (14a)
(Pev)ey2(t) = (Pem)o(7) + %(@c)o(f)
(Deg)esa(T) = (Peg)o(T) — 5 (D)o (T) (14b)

To facilitate the solution of the aeroelastic system, the preceding
indicial functions are approximated by quasi-polynomials:

1
(@)e2(v) = AG+ ) Atexp(—pT)

i=1

1
(@an)e2(t) = AM + D AMexp(—pMr)  (150)

i=1

l
(Pe)ea(0) = A + Y Aexp(—57)

i=1

1
@Peng)e2 (@) = AT + Y AMexp(—pM7)  (15b)

i=1

in which 7, ﬁl.cq, ﬁl?M, and ﬁl.ch are two-dimensional unsteady aero-
dynamic lag coefficients.

In this paper three aerodynamic lag terms are used for each indi-
cial function, that is, totally 12 aerodynamic lag terms are needed
to describe the two-dimensional unsteady aerodynamic loads in the
supersonic flowfield. Note that the preceding indicial functions are
dependent on the flight Mach number. The implementation of the
approximationis based on the nonlinear curve fitting functions pro-
vided by Mathematica™. The comparison of the approximation
againstthe exact Lomax’s indicial functions'® are displayedin Fig. 4.

Aerodynamic Loads Caused by Sharp-Edged Gust
and Blast in Supersonic-Flows

The discretesharp-edgedgustmodel used hereincan be expressed
as

we(t) = H(D)Vg (16)

where V; is a measure of gust intensity and H (t) is the unit step
function. In this paper it is assumed that the gust intensity is uni-
formly distributed along the wing span. Based on the Duhamel’s
integral and the indicial functions (.)¢2(t) and (Yem)c2(7) for
the supersonicentry into the sharp-edged gust, the two-dimensional
lift L, (r) and moment T, (7) per unit span can be expressed as

we (7o) a(‘ﬁc)c/z(f — 1)
U, at

Ly(r) = 271,0wa3/ dr, (17a)
0

i we (7o) a(WcM)c/z(T — T
U, at

T, (1) = 2700 (26U} / dry (17b)

0

The two-dimensional supersonic indicial functions (¥.)¢/2(7)
and (Yom)./2(7) used in this paper are providedin Ref. 18, p. 374.

The blast load from a sonic-boom signature can be modeled as
an N-shaped pressure pulse?®-?7:

Ly(t) = Pu(l —1/7p)[H(T) = H(T = 1T))] (18)

in which P, is the peak reflected pressure in excess to the ambient
pressure, T, is the positive phase duration of the pressure pulse, and
r is the pulse length factor?®?” When r = 1, the N-shaped pulse
degenerates into an explosive pulse (in triangular form), and when
r =2, a symmetric sonic-boom pulse is obtained?® For the blast
loads we assume that these are uniformly distributed throughoutthe
wing, implying that no aerodynamic torsional moment is induced
as a result of the blast in terms of the reference axis.
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Fig. 4 Nonlinear curve fitting of the unsteady two-dimensional (airfoil) aerodynamic indicial functions. (Exact indicial functions are from Ref. 18.

M is the flight Mach number.)

Aeroelastic Governing Equations
and Solution Methodology
Aeroelastic Governing Equations and Boundary Conditions
The aeroelastic governing equations and the boundary condi-
tions can be systematically derived from the extended Hamilton’s
Principle,”® which states that the true path of motion renders the
following variational form stationary:

n
/ 8T —8V+68W,)dt =0 (19a)
with
Sug = vy = Swy =80, =80. =8¢ =0
att =t;andf, (19b)

where § is the variational operator, 7 and ) denote the kinetic
energy and strain energy, respectively, and 6 W, denotes the virtual
work caused by external forces. For the problem at hand, these terms
are defined as follows.

Kinetic energy:

AL ()32 o

(20
Strain energy:

1
\% E/Uijgi/ dr
[

[Uy_vgyy + OsyVsy + Ony Vny]h(k) dndsdy
k=1"hw

2D

Virtual work caused by unsteady aerodynamic and gust loads:

W, = f [p:(y, 6wo(y, 1) +m,(y, 3¢ (y,)]dy  (22)
0

In Eq. (22) the total lift per unit spanis p.(y, ) = L, + L, + L,
and total twistmomentperunitspanism,(y, t) = T,. + T,. The con-
jugatepairs (0, €ss) and (0sn, Ysn) donotcontributeto the total strain
energy V (based on assumptions 1 and 5; see Ref. 17) and hence do
not appear in Eq. (21). To study the aeroelastic problems featuring
bending-twistelastic coupling, a beam configured by circumferen-
tially asymmetric stiffness (CAS) lay up’® and characterized by a
biconvex cross section is considered. As demonstrated in Refs. 7,
8,and 29, this type of beam features two independentsets of elastic
couplings: 1) elastic coupling among vertical bending/Awist/vertical
transverse shear and 2) elastic coupling among extension/ateral
bending/lateral transverse shear. Moreover, the aerodynamic loads
and the inertia forces of this type of beam automatically split into
the preceding two groups; hence, the equations of motion and the
boundary conditions are completely decoupled. Therefore, for the
problem at hand the second group in the just-mentionedsets can be
safely discarded.

In terms of the basic unknowns, the governing equations that
account for warping inhibition and transverse shear are*

Swo: ass(wy +0,) +asep”’ + Loe + Ly + Ly —b1ig =0 (23a)
8¢: axb) + and” — asq(wy' +06.) — agsp""
+ T + Ty — (bs +b5)$ + (bio + big)” =0 (23b)

80,: 0339; + a37¢” — dss (w(’] +6,) — ass‘l’” — (by + b14)éx =0

(23c¢)
Boundary conditions:
Aty =0,
wy =0, ¢ =0, ¢ =0, 6, =0 (24a)
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Aty=1L,

Swo: ass(wy + 0,) + ased” =0

8¢: —a56(w{{ + 9;) - asﬁ‘ﬁm + a379; + a77¢’ = —(by + bls)‘i;
Lﬁl —ass(wé +6,) — a66¢” =0

80,: az30, +ay¢' =0 (24b)

In the preceding equations the terms underscored by double solid
lines are associated with the warping inhibition effect, whereas the
term underscored by a single solid line identifies the rotatory inertia
effect.*’=° Inertia coefficients by, by, bs, by, bys, b1, and the one-
dimensional beam stiffness a;; are defined in Appendix A. For the
unshearable beam model (i.e., infinitely rigid in transverse shear
strains) the substitutionof ass(w;, + ;) obtained from Eq. (23c)into
Eq. (23a) and in the first natural boundary condition in Egs. (24b),
followed by the replacement of 6, by —wy, results in the pertinent
governing equations:

Swo: —az; wélv) +a¢" + L, + L,
+ Ly, — bywo + (by + by)wy =0 (25a)

. / , 134
8¢ —a37w(’]’ + a77¢’ - a66¢( )+ T

+T, = (by +b5)§ + (bro + big)¢" =0 (25b)
and the boundary conditions:
Aty=0,
wy =0, wy =0, ¢ =0, ¢ =0 (26a)
Aty=1L,

Swo: azzw] — ayd” — (bs + bia)iy =0
Swy: —azzwy + as¢' =0
8¢ agsd” + asywy — ang’ — (bio + bis)¢’ =0
5¢': aged” =0 (26b)

State-Space Solution

Because of the complicated boundary conditions and the elas-
tic couplings involved in the differential governing equations, the
Extended Galerkin’s Method (EGM)?!-32 is used to discretize the as-
sociated boundary-valuekigenvalue problems. The underlyingidea
of this method is to select weight functions that need only fulfill
the geometric boundary conditions (see Appendix B for the de-
tails of shape functions used). As a result, the natural boundary
conditions that might not be fulfilled appear as a residual in the
functional, which should be minimized in the Galerkin’s sense.?!
After semidiscretizationby EGM, we cast the approximated solu-
tion of the aeroelastic system into the following nondimensional
state-space form:

0m><1

. M;!
el B L {0,400
i " [BA A +BB] |k, e

DM
27

or in a more compact form, as

(X} = [ANX) + [BHQ, + Q) (28)

Herein, x; and x, are 2m x 1, Im x 1 vectors, which describe the
motion of the wing and unsteady aerodynamic loads on the wing,

respectively.Q, is the generalized gust and Q) the generalized blast
loads. The details of the matrices and vectors in Eqs. (27) and (28)
are listed in Appendix B.

Discarding the term associated with the gust and blast loads from
Eq. (28) (i.e., the last term on the right-hand side), we obtain the
solution of aeroelasticinstabilities (e.g., static divergence, flutter).

Analysis of Static and Dynamic Aeroelastic Instabilities

The divergence and flutter instability solutions can be derived
systematically from Eq. (28) by discarding the gust and blast loads
Q,(t) and Q, (7). For the static divergence of restrained wings (i.e.,
wings for which the rigid-body motion is discarded), the unsteady
aerodynamic terms involving time derivatives become immaterial,
which leads to the equation

(29)

= 1 1 =
(err + _—Kac>& =0
8o v (Mgjigh)? — 1

where the matrix K,. and the coefficient k, are defined in Ap-
pendix B.

The static divergence corresponds to the minimum flight speed
that renders Eq. (29) to have a nontrivial solution, which leads to

- 1 1
det|:k,KY + —

810 vV (Manm)ﬁ -1

The flutter corresponds to an eigenvalue problem. Let X = .;,'6’”,
from Eq. (28) and discarding the external loads, we get

IZC} =0 (30)

WM=—A)F=0 31

From the linear system stability theory, when all of the eigen-
values of A are within the left half Laplace plane, that is, when
VRe[1*(A)] < 0, the system s stable, where 1*(A) denotes an eigen-
value of A. When there exists Re[L*(A)] > 0, the system is unstable.
The flutter solution correspondsto the minimum critical flight speed
thatrenders the system to transit from stable motion to unstable mo-
tion. At this transition state

Re[A*(A)] =0 (32)

Here A is the system matrix in Eq. (31). The imaginary part of that
eigenvalue corresponds to the flutter frequency.

Solution of the Dynamic Aeroelastic Response
The general solution of Eq. (28) can be expressed as?®

{(X(0)) = [ X0} + f [e4 =] [B.1{Q, (r0) + Qb (10)} dro
0
(33)

where the transition matrix

(AT
e*1=L7" (Pl -A) 1= ) (i—!>fl

i=0

For a general nonconservativesystem its eigenvalues and eigen-
vectors are complex valued quantities. Although the system matrix
A can be orthogonalizedin terms of its left and right eigenvectors®
for large order of A the actual implementation of the modal anal-
ysis is not efficient.”® Moreover, the Laplace transform method is
almost impractical for systems featuring large orders. Therefore,
the preceding equation is directly discretized in the time domain.
With the fixed sampling step At the following discretized equation
is derived®:

(X (k+1)} = [T UX(K)} + [A] ' [e427 — 1[B,1{Q, (k) + Q) ()}

(34)
where the discretized transition matrix is defined as
A .
AATY i i
"] =) =(ar) (35)

i=0
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Table1l Comparison of the calculated flutter results of Goland’s wing

Flutter speed Flutter frequency,
Method Description (Mach no.) Hz
Exact Two-dimensional MEter = 0.40 Sfrtuter = 11.25
incompressible flow
EGM? N =7, two-dimensional  Mpper = 0.40 Sfruter = 11.15
incompressible flow,
transient method®
EGM N =7, two-dimensional ~ MEjyyer = 0.38 Sfrtuter = 10.90

compressible flow,
transient method®

“Extended Galerkin’s method.
®Jones’s approximation of Wagner’s function is used.'®
¢Leishman’s indicial functions are used.?’

Given the maximum amplitude of the eigenvalues of A and
the sampling step Az, the numerical convergence requirement of
the preceding equation and the prescribed computational accuracy
determine the number of truncated terms in Eq. (35) for the approx-
imation of [¢#27] (Ref. 28). In this paper the accuracy order of 107
is prescribed. Once the solution of X (k) is known, the generalized
coordinate & (k) can be extracted, and then the aeroelastic response
(e.g., shearable model) can be reconstructed as follows:

o, k) = B, ()©.,&, (k). $(n. k) = B, (O, (k)

b, (n. k) = &, (00, (k) (36)

where \il,,,(n), \il¢ (n), and \ilx(n) are N x 1 shape function vectors
and ®,, ®,, ©, are N x m eigenvectors (see Appendix B).

Validation

The aeroelastic model based on the representation of unsteady
aerodynamic loads by indicial functions can be applied to the cases
of incompressible, subsonic compressible, and supersonic flows.
For the purpose of validation, as a first step, the flutter predic-
tions of Goland’s wing® in incompressible and subsonic com-
pressible flows are calculated by using the transient method. The
predictions are then compared against the available result in the
literature® (Table 1). In the preceding transient method, Jones’s
quasi-polynomial approximation of Wagner’s function is used. It
is readily seen that the correlation is excellent and the offset of
flutter speed and flutter frequency by the transient method is well
within the approximation accuracy of Wagner’s function. It is also
observed that the compressibility only causes about 5.0% decrease
of the flutter speed and 2.2% decrease of the flutter frequency com-
pared with the predictions by the incompressible model. This is
consistent with the well-known fact that at the lower range of the
compressible subsonic speeds the effect of compressibility on flut-
ter is quite small. As for the validation in case of supersonic flight
speed, the rectangular wing specified in Ref. 34 is used. Further
specifications of this wing are 5=1.0 m, GJ =6.0 x 10°N - m?,
and the air density is taken at the sea level (o, = 1.225 kg/m®).
The predictionby the present model using the same shape functions
as in Ref. 34 is (Mpuuer)n = 1.33, whereas the flutter prediction ex-
tracted from Fig. 12 in Ref. 34 is (Mgyer), = 1.26 (by using the
two-dimensional aerodynamic coefficients). The critical supersonic
flutter speed predicted by the present model is obtained by starting
from high flight speed and gradually reducing the flight speed until
the critical point is encountered. This qualitative characteristicscan
be readily verified by Fig. 12 in Ref. 34.

Numerical Results and Discussion

In this section the static divergence and dynamic aeroelastic re-
sponse of anisotropic thin-walled beams exposed to selected gust
and blast loads are investigated. The influence of ply orienta-
tion, sweep angle, aspect ratio, and the implication of warping re-
straint as well as transverse shear effects on divergence and the
response are also investigated. Depending on the design objec-
tives and model/tools to be used, there are many other design pa-
rameters contributing to the broad range effects of the aeroelastic

Table2 Geometric specifications of the test wings

Parameter Value
Width 2%, m 0.757
Depth 2d%, m 0.0997
‘Wall thickness 4, m 0.0203
Number of layers 6
Layer thickness, m 0.0034
Layup scheme of the walls /96/

“Length is measured on the midline contour.

Table 3 Influence of ply angle and sweep angle
on the static divergence

(MD )n

Ply angle,

deg Ag=—15deg Ag=-30deg Ag=—45deg
90 78.80 36.56 21.09

105 No divergence No divergence No divergence
120 No divergence No divergence 6.76

135 No divergence 4.10 N/A?

150 5.55 N/A N/A

165 2.37 N/A N/A

180 1.59 N/A N/A

*Value is below the supersonic flight speed range.

Table4 Effect of warping restraint and transverse
shear on the static divergence (A, =0 deg)

(MD)n

AR WR+TS WR +NTS? FW + TS

Y =45 deg
5 5.291 5.294 (0.06%°)  4.691 (—12.8%)
6 2.877 2.877 (0.0%) 2.558 (—12.5%)
7 N/AY N/A N/A

Y =75 deg
5 10.001 10.153(1.51%)  7.601 (—31.6%)
6 5.473 5.535(1.12%)  4.316(—26.8%)
7 3.230 3.261(0.92%)  2.575(—25.4%)

*Warping restraint model, transverse shear discarded.
Free-warping model, transverse shear incorporated.

“Percentage in the second column is in terms of the unshearable

model (i.e., WR+ NTS), and in the third column is in terms of

the free-warping model (i.e., FW +TS).

4Value is below the supersonic flight speed range.

tailoring.! The geometric specifications of the beams with CAS
lay-up configuration are listed in Table 2. The material prop-
erties of the test thin-walled beams are listed here: E; =
206.8 x 10° N/m?, Ey=E3;3=5.17%x10° N/m?, G3 =Gy =
2.55x 10° N/m?, G =3.10 x 10° N/m?, p12 = p13 = a3 = 0.25,
and p =1.528 x 10° Kg/m?>. In the actual calculation the first five
structural modes and three aerodynamic lag terms for each indi-
cial function [see Eqgs. (15a-15d)] are used, that is, m =5, [ =3,
all of the response components (bending, twist, and transverse)
are measured at the beam tip (n=1), and the gust intensity is
specified as Vg =15 m/s for the test cases. Sea-level air density
(pso = 1.225 kg/m?) is used in all of the following cases.

Table 3 displays the influence of ply angle and geometric sweep
angle on divergence speed of a composite aerovehicle wing. The
related parameter is AR =6. It is readily seen that changing ply
orientation has a dramatic influence on the static divergence speed.
For example, even for the swept-forward wing with A, = —45 deg
the static divergence can still be effectively controlled by arranging
ply angle within the range of [90, 120] deg.

Table 4 shows the influence of warping restraint and transverse
shear on the divergence speed of wings of different aspect ratios.
Warpingrestrainthas a significantinfluence on the divergencespeed.
However, compared with the warping restrainteffect,on the selected
wing, transverse shear has a much smaller influence on the diver-
gence speed.

Figures 5-7 display the response of a wing featuring various ply
angles and exposed to a sharp-edged gust. It can be seen that the
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Fig. 5 Influence of ply angle on the deflection response to a sharp-
edged gust [9¥: deg; other parameters: (Mpjgn),=2.5, AR=6,
Ag=0deg].
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Fig. 6 Influence of ply angle on the twist response to a sharp-edged
gust [9: deg; other parameters: (Mgiigh¢)n =2.5, AR=6, Ay =0 deg].

0 500 1000 1500 2000
time, T

Fig. 7 Influence of ply angle on the response of éx(n=1, T) to a
sharp-edged gust [9: deg; other parameters: (Mgjgh¢)n =2.5, AR=6,
Ag=0deg].

directionality property of composite materials used here plays a
dramatic influence on the response amplitudes related to bending,
twist, and transverse shear. No structural damping is considered,
and the damping is entirely of aerodynamic nature.

Figures 8 and 9 display the influence of warping restraint on
the response of a wing exposed to a sharp-edged gust, and Fig. 10
displays the influence of warping restraint on the response of the
wing exposed to a sonic boom. The corresponding parameters are
shown within these figures. It is shown that subjected to the sharp-
edged gust the amplitude of the steady response predicted by the
warping restraint model can be 25% less than that predicted by the

0 200 400 600 800 1000

Fig. 8 Warping restraint effect on the response of a wing to a sharp-
edged gust [(Mpijignt) =1.5,/45¢/, AR =6, A, =0 deg].
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Fig. 9 Warping restraint effect on the response of a wing to a sharp-
edged gust [(Mpiignht)n =1.5,/75¢/, AR =6, A, =0 deg].
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Fig. 10 Warping restraint effect on the response of a wing to a sonic
boom [(MFlight )n = 1.5,/456/, AR= 6, Ag =0 deg,P,,, = 10_3, r= 2’ Tp= 40;
sonic-boom pulse is included in the inset].

free-warping counterpart. However, considering warping restraint
effectdoes notalways lead to the overall stiffening results, as shown
by Fig. 11. The overall destiffening phenomenon is caused by the
interactionbetween warping restraintstiffeningeffectand the elastic
coupling. Specifically, free-warping assumption tends to decrease
the twist stiffness. However, the influence of elastic coupling on the
twist stiffness in the case of /135¢/ layup outweighs this decrease.
Interestingly enough, for the static aeroelastic response a similar
phenomenon was reported when a plate-beam wing model was used
in Ref. 35.
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Table 5 Influence of flight speed on the steady-state response
to a sharp-edged gust

(Mpiigh)n __ Wo(n=17—>00) ¢=L71>00 6O:(ln=17—->00)
1.5 0.391 0.060 —0.176

2.0 0.464 0.071 —0.207

25 1.09 0.168 —0.491

2.6 1.458 0.225 —0.656

2.8 12.073 1.886 —5.515
2.88 Divergence Divergence Divergence
3.0 Divergence Divergence Divergence

6. =1,7)

0 200 400 600 800 1000
time, T

Fig. 11 Warping restraint effect on the response of a wing to a sharp-
edged gust [(Myiignt) =1.5,/135¢/, AR=6, A, =0 deg].
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Fig. 12 Transverse shear effect on the response of a wing to a sharp-
edged gust [(Mpiign¢)n =1.5,/75¢/, AR =6, A, =0 deg].

Figures 12 and 13 display the influence of transverseshear on the
response of a wing exposed to a sharp-edged gust and to a sonic
boom, respectively. Compared with the warping restrainteffect, the
effect of transverse shear on the response of the selected wing is
much weaker.

Table 5 shows the influence of flight speed on the steady-state
response to a sharp-edged gust. The related parameters are /454/,
MR =6, A, =0deg. Between the flight Mach numbers 2.8 and 2.838,
there exists a divergence instability onset for the selected wing.
Directly using the divergence instability analysis, we get the diver-
gencespeed (Mp), =2.877 (see Table4). Because static divergence
and flutter instabilities are simultaneously addressed in this model,
it is concluded that for the selected wing configuration (AR =6,
1456/, A, =0 deg), the static divergence speed is lower than the
flutter speed. This phenomenon is consistent with a trend reported
in Ref. 36, which shows that for some specific wings and in the
backward fiber sweep quadrant, that is, ¥ in [0, 90] deg, the diver-
gence instability is more critical than flutter instability. Figure 14
displays the time history of the response to a sharp-edged gust for
various flight Mach numbers. When (Mp), =3.0, the wing is al-
ready in the state of aeroelastic divergenceinstability.

0.15¢ TForced TS+WR ——
LS NTS«WR ==**
0.1 .
Free motion

0.05}

0 ajﬁvﬂvmvmwwww,

0.05
011
b T,
015+
(N =17) 7,
] 200 400 600 800 1000

time, T

Fig. 13 Transverse shear effect on the response of a wing to a sonic
boom [(MFlight )n = 1.5,/756/, AR = 6, Ag =0 deg, P, = 10_3, r= 2’ = 40;
sonic-boom pulse is included in the inset].

T

time, T

Fig. 14 Dynamic aeroelastic response of a wing to a sharp-edged gust
for different flight speeds (/45¢/, AR =6, A =0 deg).

Conclusions

The problems of static divergence, flutter, and dynamic aero-
elastic response of composite aerovehicle wings modeled as
anisotropicthin-walledbeams in a supersonicflowfield and exposed
to selected gust and blast loads have been approached in a unified
way. Based on this well-encompassingaeroelastic model developed
here, the implications of ply orientation, sweep angle, aspect ratio,
warping restraint, and transverse shear on the divergence and dy-
namic aeroelasticresponse are specifically investigated. It is shown
that the directionality properties featured by advanced composite
materials can play a significant role toward the passive control of
both static divergence and dynamic aeroelastic response of aero-
vehicle wings. Warping restraint has a significant influence on both
the divergence and dynamic response on the selected wing con-
figurations, and the trend illustrated in the numerical simulations
reveals that the lower the aspect ratio, the more prominent its in-
fluence becomes. As a result, warping restraint effect has always
to be included when addressing the aeroelastic behavior of super-
sonic aerovehicles. Compared with the warping restraint effect on
the static divergence and response, the influence of transverse shear
appears to be much weaker. The validation reveals a good agree-
ment of the predictions between the current model and those from
the specialized available literature.

The present study can be used for predesign and optimization of
such type of aerovehicle wings in supersonic flowfield.

Appendix A: Expressions of One-Dimensional Stiffness
and Mass Terms
Listed next are the global stiffness quantities a;; (= a ;) related to
the problem addressed in this paper:
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o dx dx :
az; = Ky +2z2—Kiy+ | — ) Kyy | ds
o ds ds
dx
az; = % [ZKB + —K43} ds
o ds
dz\’ )’ -
ass = — ) Kn+|— ) Awu|ds
o ds ds

dz dz
ase = — Fy—Ks +a(s)—Kny | ds
o ds ds

g = f [F2K,, +2F,a(s)K\y + a(s)*Kys | ds
C

ar;; = % & (s) Kz ds
c

where Ay = Ay, — AﬁS/ASS; K;; are the reduced stiffness coeffi-
cient defined as

A? ApArs
K =A22_A_:’ K, = Ay — A = Ky
AL A A, B
K3 = (Azs - %)gs(‘v), Ky = By — % =Ky
11 11

Als 1o
Ky = Ag — A_’ Koy = | Ags — — | (5)

AgB B),A
Ky = By — : == Ky, Ky = (st - —= 16){@(5)
11

B2 B16A12
K44=D2 - 12, KSI =B26_
All All
B16A16 ( B16A16>
Koy = Bgg — —218 ko= Bgg — —5518 ) o (s)
52 66 All 53 66 All
B12B16
Ksy = Dy — —2—19
54 26 All

The inertia coefficients in Eqs. (23-26) are defined as

b = % mgds, (by, bs) = % (22, xHmy ds
c c

2 2
dx dz

by = % n, (—) ds, b5 = % m2<—4> ds
Vo ds Vo ds

(b1, big) = f [mo F2(s), mya®(s)] ds
C
in which

mj h(k+)
(mo, my) = Zf pay(1.n?) dn
h

k=1 ()

where A+, — hg- is the thickness of the kth layer and p, is the
mass density of the kth layer.

The stress resultants N,,, N, and stress couples L,,, L, are
defined as

my
va» Lyy» Lsy) = E
k=1"Yhu

(Nyy» (Uss» Osy, Oyyll, a-syn) dn

Appendix B: Definitions of Matrices in Eqs. (27) and (28)
and of Nondimensional Parameters

Matrices in Egs. (27) and (28) are defined as

A By 0m X m Im X m 1 Om 236
A] = ) ) 5 AY mx2m = — = — - 5 Bs m x 4lm = N — c cl
[ ] BdAs Aa +BaB5 [ A]z 2 _M,,_lKn _M,,_lcn [ ]2 4 gMn 1[_A11m><m "'AquImxm]mem
0
1 1 _ﬁlclm X m
Mn = @TMYG» éwn = _@Téac@» I_{n = @T [kri{s + _I_{ac}@» [Aa]4lm x dm =
810 810 Mg
_ﬁ[ Im X m
_Im ><m_
[DR? DRg]m x 2m
Ly xm
= = Imxm
Im X m
[DRTq DR;q]m x 2m
_Imxm_ — T 4tan A, ! A~ AT : RN
[Ba]4lm x2m — - ) DRIC = @w Ee— ‘Ilw‘Ilw dr}®w =) ‘I’w‘I’¢ d}’}@¢
Im X m / & 0 / 0
[DR?M DREM]m x 2m
Ly xm
= = Imxm
_Im ><m_
[DRTMq DR;Mq]m x 2m
Ly xm
L — = Imxm _
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1 1 1
A A 4t A, A AL . A A
DR; =407 / ¥,¥, 470, DRI=07 % @, 9, 40, |, DRY=40! f ¥,%; e,
0 0 0
4tan A Yoo b oor Yoot
DSM =0 T v, W, dn®u,—2/ v, ¥, dne, |,  DSM =4@¢T,/ v, ¥ dne,
0 0 0
4tan A Yoo Yoot
cM e cM
DS =@ T_/O v, ¥, dn®, |, DR, “‘=4@¢T,/0 v, dn0,
A AT
| T, 0 0
AR T A 2 L
0 oA T
0 0 P,
4 A1 AT A1 AT 2 oy T
E‘Ilw‘]:lu' Mlcl4‘Ilw Q = w\l/x
1
I_{z 4 A1 A NnT Al AT At AT Al AT d
e o Eﬂlﬂz‘l’ R4 +M1€12‘I’¢‘I’¢ mic W +M1€13‘I’¢‘I’x n
symm (Ml‘i’;‘i’f + ‘i’V‘i’f)

Inthe precedingexpressions\ilw ), \il¢ (n),and \ilx (n) are shape
function vectors (with dimension N) that are required to only ful-
fill the geometric boundary conditions. For the model incorpo-
rating both the warping restraint and transverse shear (WR 4+ TS

model), ¥, () =[n, 7’ ... 0" 1", To () =0’ 0", n" 7,

. () =I[n,1n%...,n"]" are adopted in this paper. ®,, ©,, O,

are N x m eigenvectors,and © = [©7 @; err.
Nondimensional parameters used in the preceding equations are

_ b, __as3 __ Ge6
o= e M T e T any
P (by +bis) c ary c dz; c dse
=TT, =", 13=", 14 ==
b L? ass ass ass
i (bs + bs) s (biotbis) __ass
YT @by, YT OL2(2b)2b, " 4b U2
Matrix K, in Eq. (29) is defined as
I?ac ==
2tanA, » T 1~ ~m tanA, »~ /T
- v, w —-——v, ¢ v, ¢ 0
T AR b4 TAR
/ tanAL,‘il AT 1 ¥ AT 2 tanAL,‘il AT 0 dn
0 AR 2 YT T3 R
0 0 0
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