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Aeroelasticity of Composite Aerovehicle
Wings in Supersonic Flows

Zhanming Qin,¤ Liviu Librescu,† and Piergiovanni Marzocca‡

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0219

A comprehensive aeroelastic model developed toward investigating the static divergence, � utter, and dynamic
aeroelastic response of composite aerovehicle wings to sharp-edged gust and blast loads in supersonic � ow� eld is
presented. The aerovehicle wings are modeled as an anisotropic composite thin-walled beam structure featuring
circumferentially asymmetric stiffness lay up that generates preferred elastic couplings. A number of nonclassical
effects, such as transverse shear, warping restraint, and three-dimensional strain effects, are incorporated in the
structural model. Based on the concept of two-dimensional indicial functions considered in conjunction with the
aerodynamicstrip theory extended to three-dimensionalwing model, the unsteadyaerodynamicloads in supersonic
� ows are derived. The effect of elastic tailoring and the implications of transverse shear, warping restraint on
divergence and dynamic response of selected wing con� gurations are investigated, and pertinent conclusions are
outlined.

Nomenclature
AR = wing aspect ratio, L=b
a.s/ = geometric quantity; see Eq. (2) and Fig. 3
ai j = one-dimensionalglobal stiffness coef� cients
a1 = undisturbed speed of sound
b; d = semichord and semidepth of the beam normal

cross section, respectively
bi = inertia coef� cient
Ei j = Young’s modulus of orthotropic materials

in the material coordinate system
h.s/ = wall thickness as the function of the midline

contour s
L = wing semispan
L ae; Tae = unsteady aerodynamic lift and moment,

respectively
Lb = lift caused by the blast
L g; Tg = lift and moment caused by the gust, respectively
l = number of the aerodynamic lag terms;

see Eqs. (15a) and (15b)
.MD/n = divergence Mach number (chordwise)
MFlight = � ight Mach number, U1=a1
.MFlight/n = Un=a1
m = number of the structural modes included

in the actual calculation
m l = number of the constituent layers
OPm = nondimensionalpressure intensity, bPm =.2b1U 2

n /;
see Eq. (18)

r = pulse length factor of the blast; see Eq. (18)
(s; y; n) = local coordinate system; see Fig. 1
t ; t0 = dimensional time variables
U1; Un = streamwise and chordwise freestream speed,

respectively,Un ´ U1 cos 3g

u0.y; t/, = displacement components of the cross section
v0.y; t/, (measured at x D 0, z D 0) in x , y,
w0.y; t/ and z directions, respectively
VG = peak gust velocity, a measure of the gust intensity
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wG = time-domain gust function
( Ow0; OÁ; Oµx ) = nondimensionalquantities

( Ow0 ´ w0=2b, OÁ ´ Á, Oµx ´ µx )
Xm £ n = X a m £ n matrix
XT = transpose of the matrix or vector X
(x; y; z) = global coordinate system; see Fig. 1
°yz.y; t/, = transverse shear strains of the cross
°xy .y; t/, section and the twist about the y axis,
Á.y; t/ respectively
´ = nondimensionalspanwise coordinate, y=L
µx .y; t/, = rotations of the cross section
µz.y; t/ about the x, z axes
# = ply orientation angle
=#n= = layup scheme
3e = effective sweep angle,

tan 3e ´ tan 3g=
p

.M2
Flight ¡ 1/

3g = geometric sweep angle
½1 = mass density of the undisturbed � ow
¿; ¿0 = nondimensional time variables, ¿ ´Unt=b,

¿0 ´ Un t0=b
¿p = positive phase duration of the pressure pulse

of the blast; see Eq. (18)
.8c/x , = cross-sectionalaerodynamic lift and moment
.8cM/x indicial functions to a step change of plunging

(x D 0, the moment about the leading edge;
x D c=2, about the midchord)

.8cq/x , = cross-sectionalaerodynamic lift and moment

.8cMq/x indicial functions to a step change of pitching
(x D 0, both pitching and the moment about the
leading edge; x D c=2, about the midchord)

.Ãc/c=2 = indicial aerodynamic lift caused
by the sharp-edged gust

.ÃcM/c=2 = indicial aerodynamic moment (about the
midchord) caused by the sharp-edged gust

} .s/ = torsional function; see Eq. (4)
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Introduction

B ECAUSE of their high structural ef� ciency and signi� cant
potential advantages, thin-walled beam structures made of

anisotropic composite materials are likely to be widely used in the
designof new generationof � ightvehicles.The potentialadvantages
come from the proper exploitation of the material’s directionality
property,which, in the contextof aeroelasticity,has generateda new
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technology referred to as the aeroelastic tailoring.1 However, com-
pared with the metallic thin-walledbeams, the behavior of the com-
posite ones is much more complex in the sense that it is in� uenced
by a number of important nonclassical effects such as transverse
shear, warping inhibition (or warping restraint), nonuniformity of
shear stiffness,2¡12 and three-dimensional strain effects.10;11;13 It is
well known that within the classical Euler–Bernoulli beam model
the ratio of Young’s modulus to transverse shearing modulus is as-
sumed to be zero, implying that the transverse shear stiffness is
in� nite. However, for anisotropic composite material this ratio can
be of the order O(100). Moreover, for � nite span aerovehiclewings
featuringnonuniformdistributionof the aerodynamictwist moment
the classical St. Venant twist model has to be discarded in favor of
the restrained twist model. In addition, as revealed in Ref. 5, the
nonuniformity of shear stiffness has a signi� cant in� uence on the
warping, and as a result, it has to be considered. Toward a reliable
aerovehiclewing design, it is of vital importance to use a structural
model that effectively captures these effects and, based on it, to in-
vestigate the aeroelastic instability and the aeroelastic response. In
fact, during the past two decades, a number of analyticalthin-walled
beam models have been proposed (e.g., see Refs. 5–7 and 10–15).
However, most of the available works have been focused on the
modeling and validation (especially static validation),5;6;12¡15 and
very few ones have applied the concept of thin-walledbeams on the
aeroelasticproblems(see Refs. 2, 4, 7, and 8 on the static divergence
and free-vibrationanalyses).

A plate-beam model has been used for investigating the warping
restraint and transverse shear on the static divergence and � utter
instabilities.16 Because the aerovehicledesign is primarily based on
the principle of thin-walled beams, it is desirable to investigate the
aeroelastic instability and aeroelastic response directly within the
framework of thin-walled beams. To the best of the authors’ knowl-
edge, the specializedliteraturedevotedto the study of aeroelasticin-
stabilityand dynamicaeroelasticresponseof compositeaerovehicle
wings, which are modeled as anisotropic thin-walled beams in su-
personic � ows, is quite void of such investigation. In the following
section a re� ned thin-walledbeam model that incorporatesall of the
just-mentionedmajor nonclassicaleffectswill be adopted.The basic
assumptions underlying this model have been proposed in Refs. 4
and 11.

Structural Modeling
A single-cell, closed cross-section, � ber-reinforced composite

thin-walled beam is used in the modeling of composite aerovehi-
cle wings toward the study of the dynamic aeroelastic response. As
stated in the preceding section, the major nonclassical effects such
as transverse shear, anisotropy of the constituent material, warping
restraint, and three-dimensional strain effects have to be included
in the structural model. In the original formulation of the beam
theory,4;7;8 the variation of contour-wise shear stiffness was not ac-
counted for. However, the theory was later extended to account for
these effects in a nonlinear theory.11 For the geometric con� gura-
tion and the chosen coordinate system that is usually adopted in the
analyses of aerovehiclewings, see Figs. 1–3. Based on the basic as-
sumptionsstatedin Refs. 4, 7, 8, and10, the followingrepresentation
of the three-dimensionaldisplacement quantities is postulated:
u.x; y; z; t/ D u0.y; t/ C zÁ.y; t/ (1a)

v.x; y; z; t/ D v0.y; t/ C
µ

x.s/ ¡ n
dz

ds

¶
µz.y; t/

C
µ

z.s/ C n
dx

ds

¶
µx .y; t/ ¡ [Fw.s/ C na.s/]Á0.y; t/ (1b)

w.x; y; z; t/ D w0.y; t/ ¡ xÁ.y; t/ (1c)

where

µx .y; t/ D °yz.y; t/ ¡ w0
0.y; t/

µz.y; t/ D °x y.y; t/ ¡ u 0
0.y; t/

a.s/ D ¡
³

z
dz

ds
C x

dx

ds

´
(2)

Fig. 1 Geometry of the aerovehicle wing modeled as a thin-walled
beam model.

Fig. 2 Geometry of the normal cross section.

Fig. 3 Displacement � eld for the beam model: ——, the midline con-
tour.

In the preceding expressions µx .y; t/, µz.y; t/, and Á.y; t/ denote
the rotations of the cross section about the axes x; z and the twist
about the y axis, respectively,and °yz.y; t/ and °x y .y; t/ denote the
transverse shear-strain measures.

The warping function in Eq. (1b) is expressed as

Fw.s/ D
Z s

0

[rn.s/ ¡ } .s/] ds (3)
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in which the torsional function }.s/ and the quantity rn.s/ are ex-
pressed as

} .s/ D

H
C

rn.Ns/ dNs
h.s/Gsy.s/

H
C

[dNs=h.Ns/Gsy.Ns/]

rn.s/ D z
dx

ds
¡ x

dz

ds
(4)

where Gsy.s/ is the effective membrane shear stiffness, which is
de� ned as11

G sy.s/ D
Nsy

h.s/° 0
sy.s/

(5)

Nsy denoting membrane shear stress constant.
For the thin-walled beam theory considered here, the six kine-

matic variablesu0.y; t/, v0.y; t/, w0.y; t/, µx .y; t/, µz.y; t/, Á.y; t/,
which representone-dimensionaldisplacementmeasures,constitute
the basic unknowns of the problem. When the transverse shear ef-
fect is ignored, Eq. (2) degenerates to µx D ¡w0

0 , µz D ¡u 0
0 , and as

a result, the number of basic unknown quantities reduces to four.
Such a case leads to the classical, unshearablebeam model.

The strains contributing to the potential energy are as follows.
Spanwise strain:

"yy.n; s; y; t/ D "0
yy .s; y; t/ C n"n

yy .s; y; t/ (6a)

where

"0
yy.s; y; t/ D v0

0.y; t/ C µ 0
z.y; t/x.y; t/ ¡ Á00.y; t/Fw.s/ (6b)

"n
yy.s; y; t/ D ¡µ 0

z.y; t/
dz

ds
C µ 0

x .y; t/
dx

ds
¡ a.s/Á 00.y; t/ (6c)

are the axial strain components associated with the primary and
secondary warping, respectively.

Tangential shear strain:

°sy.s; y; t/ D ° 0
sy.s; y; t/ C }.s/Á0.y; t/ (7a)

where

° 0
sy.s; y; t/ D °x y

dx

ds
C °yz

dz

ds
D .u 0

0 C µz/
dx

ds
C .w 0

0 C µx /
dz

ds
(7b)

Transverse shear-strain measure:

°ny.s; y; t/ D ¡°x y
dz

ds
C °yz

dx

ds
D ¡.u 0

0 C µz/
dz

ds
C .w 0

0 C µx /
dx

ds
(8)

The stress resultants and stress couples can be reduced to the fol-
lowing expressions:
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¢
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in which the reduced stiffness coef� cients K i j , the stress resultants
Nyy , Nsy , and the stress couples L yy , L sy are de� ned in Appendix A.
As to the systematic validation of the preceding structural model,
the reader is referred to Ref. 17.

Time-Domain Aerodynamic Loads in Supersonic Flows:
An Indicial Function Approach

Unsteady Aerodynamic Loads
Compared with the mature and deeply entrenched oscillatory

compressible unsteady aerodynamic models, the indicial function-
based aerodynamic models (see Ref. 18, pp. 367–375) provide an
ef� cient approach for describing the compressible unsteady � ow.
The ef� ciency stems from the facts that 1) once the proper indicial
functionsareavailable,the linearizedunsteadyaerodynamicloadsto
arbitrary small motion can be derived through Duhamel’s convolu-
tion; 2) the indicial functions involvedcan be derived/approximated
via various approaches, such as rational approximation, formula-
tion by computational � uid dynamics (CFD)19; or with the aid of
experiments20; 3) derivation of indicial functions via CFD can be
severalorders faster than the direct CFD simulations.19 In fact,based
on the concept of indicial functions a uni� ed representationof lin-
ear unsteady aerodynamic loads in incompressible, compressible
subsonic and supersonic � ows can be developed. In case of two-
dimensional incompressible� ow the indicial function is the classi-
cal Wagner function;extensionsof the concept of indicial functions
to two- or three-dimensional unsteady compressible subsonic and
supersonic � ows were conducted by numerous investigators (see
Refs. 18–22 and the references therein). By the Volterra integral
theory this concept has been extended to nonlinear aerodynamics
(see Refs. 23 and 24) and applied to the modeling of gust-induced
aerodynamic loads (see Ref. 18, pp. 286–288 and 374).

In this section, in conjunction with the aerodynamic strip the-
ory, a set of analytical two-dimensional indicial functions in super-
sonic � ow derived in exact form (see Ref. 18, pp. 371 and 372) are
adopted toward the study of dynamic aeroelastic response of three-
dimensional aerovehicle wings. For the investigation of aeroelastic
instability of composite structures, additional advantage emerging
from their use consists of the possibility of simultaneously inves-
tigating both the static and dynamic aeroelastic instabilities.25 An
extensive validation of two-dimensional indicial functions in se-
lected � ight speed regimes, such as the incompressible, subsonic
compressible, supersonic, and high supersonic ones, is provided in
Ref. 21.

The vertical velocity of � uid particles forced by the wing motion
(positive upward) can be expressed in nondimensional form as

wa. Ox; ´; ¿ / D Un

µ³
2 POw0 ¡ OÁ C 2

AR

@ Ow0

@´
tan 3e

´

¡ Ox
³

POÁ C 1
AR

@ OÁ
@´

tan3e

´¶
4D Un. OwaT ¡ Ox POÁaP/ (10a)

where we de� ne

OwaT.´; ¿ / ´
³

2 POw0 ¡ OÁ C 2
AR

@ Ow0

@´
tan 3e

´

POÁaP.´; ¿/ ´
³

POÁ C 1

AR

@ OÁ
@´

tan 3e

´
(10b)

Denote .8c/0.¿ /, .8cM/0.¿ / as the indicial lift and moment func-
tions (about the leading edge, as denoted by the subscript 0) caused
by the unit step change of the vertical translational velocity. The
subscriptc represents “compressible.” As a result, the aerodynamic
lift and moment about the midchord (taken as the reference axis;
see Fig. 1) are

L T .´; ¿ / D ¡¼½1U 2
n .2b/

(

[ OwaT.´; 0/ C POÁaP.´; 0/].8c/0.¿ /

C
Z

¿

0

@ [ OwaT.´; ¾/ C POÁaP.´; ¾ /]

@¾
.8c/0.¿ ¡ ¾ / d¾

)

(11a)
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TyT.´; ¿ / D ¡¼½1U 2
n .2b/2

(

[ OwaT.´; 0/ C POÁaP.´; 0/].8cM/0.¿/

C
Z ¿

0

@[ OwaT.´; ¾/ C POÁaP.´; ¾ /]

@¾
.8cM/0.¿ ¡ ¾ / d¾

)

C bLT .´; ¿/ (11b)

where the ratio .8cM/0.¿ /=.8c/0.¿/ measures the location of the
aerodynamic center (fraction of the whole chord length from the
leading edge). Upon denoting .8cq/0.¿/, .8cMq/0.¿/ as the indicial
lift and moment functions (about the leading edge) as a result of
the unit step change of the pitching rate at the leading edge, the
corresponding aerodynamic lift and moment about the midchord
are

Lq.´; ¿ / D 2¼½1U 2
n .2b/

»
[ POÁaP.´; 0/].8cq/0.¿ /

C
Z ¿

0

@
POÁaP.´; ¾ /

@¾
.8cq/0.¿ ¡ ¾/ d¾

¼
(12a)

Tyq.´; ¿ / D 2¼½1U 2
n .2b/2

µ
POÁaP.´; 0/.8cMq/0.¿ /

C
Z

¿

0

@
POÁaP.´; ¾ /

@¾
.8cMq/0.¿ ¡ ¾/ d¾

¶
C bLq.´; ¿/ (12b)

Similarly, the ratio .8cMq/0.¿ /=.8cq/0.¿ / measures the location
of the aerodynamic center (fraction of the whole chord length from
the leading edge). The coef� cient 2¼ in Eqs. (11) and (12) is not
relatedto the incompressiblelift slope.Instead,the in� uenceof com-
pressibility is embedded entirely in the indicial functions .8c/0.¿/,
.8cq/0.¿ /, .8cM/0.¿ /, and .8cMq/0.¿/ (see Ref. 18, pp. 367–375).

As a result, the total unsteady aerodynamic lift L ae (positive up-
wards) and the moment about the midchord Tae (positive nose up)
are

L ae.´; ¿ / D LT .´; ¿ / C Lq .´; ¿ /

D ¡¼½1U 2
n .2b/

µ
OwaT.´; 0/.8c/c=2.¿ /

C
Z

¿

0

@ OwaT.´; ¾ /

@¾
.8c/c=2.¿ ¡ ¾ / d¾

¶

C 2¼½1U 2
n .2b/

µ
POÁaP.´; 0/.8cq/c=2.¿ /

C
Z ¿

0

@
POÁaP.´; ¾ /

@¾
.8cq/c=2.¿ ¡ ¾ / d¾

¶
(13a)

Tae.´; ¿ / D TyT.´; ¿ / C Tyq.´; ¿/

D ¡¼½1U 2
n .2b/2

µ
OwaT.´; 0/.8cM/c=2.¿ /

C
Z

¿

0

@ OwaT.´; ¾ /

@¾
.8cM/c=2.¿ ¡ ¾ / d¾

¶

C 2¼½1U 2
n .2b/

µ
POÁaP.´; 0/.8cMq/c=2.¿/

C
Z ¿

0

@
POÁaP.´; ¾ /

@¾
.8cMq/c=2.¿/ d¾

¶
(13b)

where

.8c/c=2.¿ / D .8c/0.¿ /

.8cMq/c=2.¿ / D .8cMq/0.¿ / ¡ 1
2
.8cM/0.¿ /

C 1
2 .8cq/0.¿ / ¡ 1

4 .8c/0.¿/ (14a)

.8cM/c=2.¿/ D .8cM/0.¿ / C 1
2 .8c/0.¿ /

.8cq/c=2.¿ / D .8cq/0.¿ / ¡ 1
2
.8c/0.¿ / (14b)

To facilitate the solution of the aeroelastic system, the preceding
indicial functions are approximated by quasi-polynomials:

.8c/c=2.¿/ D Ac
0 C

lX

i D 1

Ac
i exp

¡
¡¯c

i ¿
¢

.8cM/c=2.¿/ D AcM
0 C

lX

i D 1

AcM
i exp

¡
¡¯cM

i ¿
¢

(15a)

.8cq/c=2.¿ / D Acq
0 C

lX

i D 1

Acq
i exp

¡
¡¯

cq
i ¿

¢

.8cMq/c=2.¿ / D AcMq
0 C

lX

i D 1

AcMq
i exp

¡
¡¯

cMq
i ¿

¢
(15b)

in which ¯c
i , ¯

cq
i , ¯cM

i , and ¯
cMq
i are two-dimensionalunsteadyaero-

dynamic lag coef� cients.
In this paper three aerodynamic lag terms are used for each indi-

cial function, that is, totally 12 aerodynamic lag terms are needed
to describe the two-dimensionalunsteady aerodynamic loads in the
supersonic � ow� eld. Note that the preceding indicial functions are
dependent on the � ight Mach number. The implementation of the
approximation is based on the nonlinear curve � tting functionspro-
vided by MathematicaTM . The comparison of the approximation
againstthe exactLomax’s indicialfunctions18 are displayedin Fig.4.

Aerodynamic Loads Caused by Sharp-Edged Gust
and Blast in Supersonic-Flows

The discretesharp-edgedgustmodelusedhereincan be expressed
as

wG.¿ / D H .¿ /VG (16)

where VG is a measure of gust intensity and H .¿/ is the unit step
function. In this paper it is assumed that the gust intensity is uni-
formly distributed along the wing span. Based on the Duhamel’s
integral and the indicial functions .Ãc/c=2.¿ / and .ÃcM/c=2.¿ / for
the supersonic entry into the sharp-edgedgust, the two-dimensional
lift Lg.¿ / and moment Tg.¿ / per unit span can be expressed as

L g.¿ / D 2¼½1bU 2
n

Z
¿

0

wG .¿0/

Un

@.Ãc/c=2.¿ ¡ ¿0/

@¿
d¿0 (17a)

Tg.¿/ D 2¼½1.2b2/U 2
n

Z
¿

0

wG .¿0/

Un

@.ÃcM/c=2.¿ ¡ ¿0/

@¿
d¿0 (17b)

The two-dimensional supersonic indicial functions .Ãc/c=2.¿/
and .ÃcM/c=2.¿/ used in this paper are provided in Ref. 18, p. 374.

The blast load from a sonic-boom signature can be modeled as
an N-shaped pressure pulse26;27:

Lb.¿/ D Pm.1 ¡ ¿=¿p/[H .¿ / ¡ H .¿ ¡ r¿p/] (18)

in which Pm is the peak re� ected pressure in excess to the ambient
pressure,¿p is the positive phase duration of the pressure pulse, and
r is the pulse length factor.26;27 When r D 1, the N-shaped pulse
degenerates into an explosive pulse (in triangular form), and when
r D 2, a symmetric sonic-boom pulse is obtained.26 For the blast
loads we assume that these are uniformly distributedthroughoutthe
wing, implying that no aerodynamic torsional moment is induced
as a result of the blast in terms of the reference axis.
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Fig. 4 Nonlinear curve � tting of the unsteady two-dimensional (airfoil) aerodynamic indicial functions. (Exact indicial functions are from Ref. 18.
M is the � ight Mach number.)

Aeroelastic Governing Equations
and Solution Methodology

Aeroelastic Governing Equations and Boundary Conditions
The aeroelastic governing equations and the boundary condi-

tions can be systematically derived from the extended Hamilton’s
Principle,28 which states that the true path of motion renders the
following variational form stationary:

Z t2

t1

.±T ¡ ± V C ±We/ dt D 0 (19a)

with

±u0 D ±v0 D ±w0 D ±µx D ±µz D ±Á D 0

at t D t1 and t2 (19b)

where ± is the variational operator, T and V denote the kinetic
energy and strain energy, respectively, and ±We denotes the virtual
work causedby externalforces.For the problem at hand, these terms
are de� ned as follows.

Kinetic energy:

T D 1

2

Z L

0

I

C

m lX

k D 1

Z

h.k/

½.k/

"³
@u

@t

´2

C
³

@w

@t

´2

C
³

@v

@t

´2
#

dn ds dy

(20)
Strain energy:

V D 1
2

Z

¿

¾i j "i j d¿

D 1
2

Z L

0

I

C

m lX

k D 1

Z

h.k/

[¾yy"yy C ¾sy°sy C ¾ny°ny]h.k/
dn ds dy

(21)

Virtual work caused by unsteady aerodynamic and gust loads:

±We D
Z L

0

[pz.y; t/±w0.y; t/ C m y.y; t/±Á.y; t/] dy (22)

In Eq. (22) the total lift per unit span is pz.y; t/ D L ae C Lg C Lb ,
and total twist moment per unit span is m y.y; t/ D Tae C Tg . The con-
jugatepairs.¾ss; "ss/ and .¾sn; °sn/ do not contributeto the totalstrain
energy V (based on assumptions 1 and 5; see Ref. 17) and hence do
not appear in Eq. (21). To study the aeroelastic problems featuring
bending-twist elastic coupling, a beam con� gured by circumferen-
tially asymmetric stiffness (CAS) lay up5;8 and characterized by a
biconvex cross section is considered. As demonstrated in Refs. 7,
8, and 29, this type of beam features two independentsets of elastic
couplings:1) elastic couplingamong vertical bending/twist/vertical
transverse shear and 2) elastic coupling among extension/lateral
bending/lateral transverse shear. Moreover, the aerodynamic loads
and the inertia forces of this type of beam automatically split into
the preceding two groups; hence, the equations of motion and the
boundary conditions are completely decoupled. Therefore, for the
problem at hand the second group in the just-mentionedsets can be
safely discarded.

In terms of the basic unknowns, the governing equations that
account for warping inhibition and transverse shear are30

±w0: a55.w
00
0 C µ 0

x / C a56Á000 C L ae C Lg C Lb ¡ b1 Rw0 D 0 (23a)

±Á: a37µ 00
x C a77Á00 ¡ a56.w000

0 C µ 00
x / ¡ a66Á.I V /

C Tae C Tg ¡ .b4 C b5/ RÁ C .b10 C b18/ RÁ 00 D 0 (23b)

±µx: a33µ 00
x C a37Á00 ¡ a55.w 0

0 C µx / ¡ a56Á
00 ¡ .b4 C b14/ Rµx D 0

(23c)

Boundary conditions:
At y D 0,

w0 D 0; Á D 0; Á0 D 0; µx D 0 (24a)
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At y D L,

±w0: a55.w0
0 C µx / C a56Á

00 D 0

±Á: ¡a56.w
00
0 C µ 0

x / ¡ a66Á000 C a37µ 0
x C a77Á0 D ¡.b10 C b18/ RÁ0

±Á0: ¡a56.w 0
0 C µx / ¡ a66Á00 D 0

±µx: a33µ
0
x C a37Á

0 D 0 (24b)

In the preceding equations the terms underscoredby double solid
lines are associated with the warping inhibition effect, whereas the
term underscoredby a single solid line identi� es the rotatory inertia
effect.4;7¡9 Inertia coef� cients b1 , b4, b5, b10, b18 , b14 and the one-
dimensional beam stiffness ai j are de� ned in Appendix A. For the
unshearable beam model (i.e., in� nitely rigid in transverse shear
strains) the substitutionof a55.w

0
0 C µx / obtainedfrom Eq. (23c) into

Eq. (23a) and in the � rst natural boundary condition in Eqs. (24b),
followed by the replacement of µx by ¡w0

0, results in the pertinent
governing equations:

±w0 : ¡a33w
.I V /

0 C a37Á
000 C Lae C L g

C Lb ¡ b1 Rw0 C .b4 C b14/ Rw00
0 D 0 (25a)

±Á : ¡a37w000
0 C a77Á

00 ¡ a66Á.I V / C Tae

C Tg ¡ .b4 C b5/ RÁ C .b10 C b18/ RÁ 00 D 0 (25b)

and the boundary conditions:
At y D 0,

w0 D 0; w0
0 D 0; Á D 0; Á 0 D 0 (26a)

At y D L ,

±w0 : a33w
000
0 ¡ a37Á00 ¡ .b4 C b14/ Rw0

0 D 0

±w0
0 : ¡a33w00

0 C a37Á
0 D 0

±Á : a66Á
000 C a37w

00
0 ¡ a77Á0 ¡ .b10 C b18/ RÁ0 D 0

±Á0 : a66Á00 D 0 (26b)

State-Space Solution
Because of the complicated boundary conditions and the elas-

tic couplings involved in the differential governing equations, the
ExtendedGalerkin’s Method (EGM)31;32 is used to discretize the as-
sociated boundary-value/eigenvalue problems. The underlyingidea
of this method is to select weight functions that need only ful� ll
the geometric boundary conditions (see Appendix B for the de-
tails of shape functions used). As a result, the natural boundary
conditions that might not be ful� lled appear as a residual in the
functional, which should be minimized in the Galerkin’s sense.31

After semidiscretization by EGM, we cast the approximated solu-
tion of the aeroelastic system into the following nondimensional
state-space form:

(
POxs

POxa

)
D

µ
As Bs

BaAs Aa C BaBs

¶»
Oxs

Oxa

¼
C

2

66666664

0m £ 1

NM¡1
n

D2
NM¡1

n
:::

D2
NM¡1

n

3

77777775

fQg C Qbg

(27)

or in a more compact form, as

f POXg D [A]f OXg C [Be]fQg C Qbg (28)

Herein, Oxs and Oxa are 2m £ 1, lm £ 1 vectors, which describe the
motion of the wing and unsteady aerodynamic loads on the wing,

respectively.Qg is the generalizedgust and Qb the generalizedblast
loads. The details of the matrices and vectors in Eqs. (27) and (28)
are listed in Appendix B.

Discarding the term associatedwith the gust and blast loads from
Eq. (28) (i.e., the last term on the right-hand side), we obtain the
solution of aeroelastic instabilities (e.g., static divergence, � utter).

Analysis of Static and Dynamic Aeroelastic Instabilities
The divergence and � utter instability solutions can be derived

systematically from Eq. (28) by discarding the gust and blast loads
Qg.¿ / and Qb.¿ /. For the static divergence of restrained wings (i.e.,
wings for which the rigid-body motion is discarded), the unsteady
aerodynamic terms involving time derivatives become immaterial,
which leads to the equation

³
kr

NKs C 1

8¹0

1p
.MFlight/2

n ¡ 1
Kae

´
Oq D 0 (29)

where the matrix Kae and the coef� cient kr are de� ned in Ap-
pendix B.

The static divergence corresponds to the minimum � ight speed
that renders Eq. (29) to have a nontrivial solution, which leads to

det

µ
kr

NKs C 1
8¹0

1p
.MFlight/2

n ¡ 1
Kae

¶
D 0 (30)

The � utter corresponds to an eigenvalue problem. Let Ox D NOxe¸¿ ,
from Eq. (28) and discarding the external loads, we get

.¸I ¡ A/ NOx D 0 (31)

From the linear system stability theory, when all of the eigen-
values of A are within the left half Laplace plane, that is, when
8Re[¸¤.A/] < 0, the system is stable,where ¸¤.A/ denotesan eigen-
value of A. When there exists Re[¸¤.A/] > 0, the system is unstable.
The � utter solutioncorrespondsto the minimum critical � ight speed
that renders the system to transit from stable motion to unstable mo-
tion. At this transition state

Re[¸¤.A/] D 0 (32)

Here A is the system matrix in Eq. (31). The imaginary part of that
eigenvalue corresponds to the � utter frequency.

Solution of the Dynamic Aeroelastic Response
The general solution of Eq. (28) can be expressed as28

f OX.¿/g D [eA¿ ]f OX.0/g C
Z

¿

0

£
eA.¿ ¡ ¿0 /

¤
[Be]fQg.¿0/ C Qb.¿0/g d¿0

(33)

where the transition matrix

[eA¿ ] D L ¡1[.pI ¡ A/¡1] D
1X

i D 0

³
Ai

i !

´
¿ i

For a general nonconservativesystem its eigenvalues and eigen-
vectors are complex valued quantities. Although the system matrix
A can be orthogonalizedin terms of its left and right eigenvectors,28

for large order of A the actual implementation of the modal anal-
ysis is not ef� cient.28 Moreover, the Laplace transform method is
almost impractical for systems featuring large orders. Therefore,
the preceding equation is directly discretized in the time domain.
With the � xed sampling step 1¿ the following discretized equation
is derived28:

f OX.k C 1/g D [eA1¿ ]f OX.k/g C [A]¡1[eA1¿ ¡ I][Be]fQg.k/ C Qb.k/g
(34)

where the discretized transition matrix is de� ned as

[eA1¿ ] D
1X

i D 0

Ai

i !
.1¿ /i (35)
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Table 1 Comparison of the calculated � utter results of Goland’s wing

Flutter speed Flutter frequency,
Method Description (Mach no.) Hz

Exact Two-dimensional MFlutter D 0:40 fFlutter D 11:25
incompressible � ow

EGMa N D 7, two-dimensional MFlutter D 0:40 fFlutter D 11:15
incompressible � ow,
transient methodb

EGM N D 7, two-dimensional MFlutter D 0:38 fFlutter D 10:90
compressible � ow,
transient methodc

a Extended Galerkin’s method.
bJones’s approximation of Wagner’s function is used.18

c Leishman’s indicial functions are used.20

Given the maximum amplitude of the eigenvalues of A and
the sampling step 1¿ , the numerical convergence requirement of
the preceding equation and the prescribed computational accuracy
determine the number of truncated terms in Eq. (35) for the approx-
imation of [eA1¿ ] (Ref. 28). In this paper the accuracy order of 10¡5

is prescribed. Once the solution of OX.k/ is known, the generalized
coordinate O»s .k/ can be extracted, and then the aeroelastic response
(e.g., shearable model) can be reconstructed as follows:

Ow0.´; k/ D Oª
T

w.´/ O£w
O»s.k/; OÁ.´; k/ D Oª

T

Á .´/ O£Á
O»s.k/

Oµx .´; k/ D Oª
T

x .´/ O£x
O»s.k/ (36)

where Oªw.´/, OªÁ .´/, and Oªx .´/ are N £ 1 shape function vectors
and £w , £Á , £x are N £ m eigenvectors (see Appendix B).

Validation
The aeroelastic model based on the representation of unsteady

aerodynamic loads by indicial functions can be applied to the cases
of incompressible, subsonic compressible, and supersonic � ows.
For the purpose of validation, as a � rst step, the � utter predic-
tions of Goland’s wing33 in incompressible and subsonic com-
pressible � ows are calculated by using the transient method. The
predictions are then compared against the available result in the
literature33 (Table 1). In the preceding transient method, Jones’s
quasi-polynomial approximation of Wagner’s function is used. It
is readily seen that the correlation is excellent and the offset of
� utter speed and � utter frequency by the transient method is well
within the approximation accuracy of Wagner’s function. It is also
observed that the compressibility only causes about 5.0% decrease
of the � utter speed and 2.2% decrease of the � utter frequency com-
pared with the predictions by the incompressible model. This is
consistent with the well-known fact that at the lower range of the
compressible subsonic speeds the effect of compressibility on � ut-
ter is quite small. As for the validation in case of supersonic � ight
speed, the rectangular wing speci� ed in Ref. 34 is used. Further
speci� cations of this wing are b D 1:0 m, GJ D 6:0 £ 106N ¢ m2,
and the air density is taken at the sea level (½1 D 1:225 kg/m3).
The predictionby the present model using the same shape functions
as in Ref. 34 is .MFlutter/n D 1:33, whereas the � utter prediction ex-
tracted from Fig. 12 in Ref. 34 is .MFlutter/n D 1:26 (by using the
two-dimensionalaerodynamiccoef� cients). The critical supersonic
� utter speed predicted by the present model is obtained by starting
from high � ight speed and gradually reducing the � ight speed until
the critical point is encountered.This qualitative characteristicscan
be readily veri� ed by Fig. 12 in Ref. 34.

Numerical Results and Discussion
In this section the static divergence and dynamic aeroelastic re-

sponse of anisotropic thin-walled beams exposed to selected gust
and blast loads are investigated. The in� uence of ply orienta-
tion, sweep angle, aspect ratio, and the implication of warping re-
straint as well as transverse shear effects on divergence and the
response are also investigated. Depending on the design objec-
tives and model/tools to be used, there are many other design pa-
rameters contributing to the broad range effects of the aeroelastic

Table 2 Geometric speci� cations of the test wings

Parameter Value

Width 2ba, m 0.757
Depth 2da, m 0.0997
Wall thickness h, m 0.0203
Number of layers 6
Layer thickness, m 0.0034
Layup scheme of the walls =#6=

aLength is measured on the midline contour.

Table 3 In� uence of ply angle and sweep angle
on the static divergence

.MD /n
Ply angle,
deg 3g D ¡15 deg 3g D ¡30 deg 3g D ¡45 deg

90 78.80 36.56 21.09
105 No divergence No divergence No divergence
120 No divergence No divergence 6.76
135 No divergence 4.10 N/Aa

150 5.55 N/A N/A
165 2.37 N/A N/A
180 1.59 N/A N/A

aValue is below the supersonic � ight speed range.

Table 4 Effect of warping restraint and transverse
shear on the static divergence (¤g = 0 deg)

.MD/n

AR WR C TS WR C NTSa FW C TSb

# D 45 deg
5 5.291 5.294 (0.06%c) 4.691 (¡12.8%)
6 2.877 2.877 (0.0%) 2.558 (¡12.5%)
7 N/Ad N/A N/A

# D 75 deg
5 10.001 10.153 (1.51%) 7.601 (¡31.6%)
6 5.473 5.535 (1.12%) 4.316 (¡26.8%)
7 3.230 3.261 (0.92%) 2.575 (¡25.4%)

aWarping restraint model, transverse shear discarded.
bFree-warping model, transverse shear incorporated.
cPercentage in the second column is in terms of the unshearable
model (i.e., WR C NTS), and in the third column is in terms of
the free-warping model (i.e., FW C TS).
dValue is below the supersonic � ight speed range.

tailoring.1 The geometric speci� cations of the beams with CAS
lay-up con� guration are listed in Table 2. The material prop-
erties of the test thin-walled beams are listed here: E11 D
206:8 £ 109 N/m2 , E22 D E33 D 5:17 £ 109 N/m2, G13 D G23 D
2:55 £ 109 N/m2 , G12 D 3:10 £ 109 N/m2, ¹12 D ¹13 D ¹23 D 0:25,
and ½ D 1:528 £ 103 Kg/m3. In the actual calculation the � rst � ve
structural modes and three aerodynamic lag terms for each indi-
cial function [see Eqs. (15a–15d)] are used, that is, m D 5, l D 3,
all of the response components (bending, twist, and transverse)
are measured at the beam tip (´ D 1/, and the gust intensity is
speci� ed as VG D 15 m/s for the test cases. Sea-level air density
(½1 D 1:225 kg/m3) is used in all of the following cases.

Table 3 displays the in� uence of ply angle and geometric sweep
angle on divergence speed of a composite aerovehicle wing. The
related parameter is AR D 6. It is readily seen that changing ply
orientation has a dramatic in� uence on the static divergence speed.
For example, even for the swept-forward wing with 3g D ¡45 deg
the static divergence can still be effectively controlled by arranging
ply angle within the range of [90, 120] deg.

Table 4 shows the in� uence of warping restraint and transverse
shear on the divergence speed of wings of different aspect ratios.
Warpingrestrainthas a signi� cant in� uenceon the divergencespeed.
However,comparedwith the warping restrainteffect,on the selected
wing, transverse shear has a much smaller in� uence on the diver-
gence speed.

Figures 5–7 display the response of a wing featuring various ply
angles and exposed to a sharp-edged gust. It can be seen that the
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Fig. 5 In� uence of ply angle on the de� ection response to a sharp-
edged gust [#: deg; other parameters: (MFlight )n = 2.5, AR = 6,
¤g = 0 deg].

Fig. 6 In� uence of ply angle on the twist response to a sharp-edged
gust [#: deg; other parameters: (MFlight )n = 2.5, AR = 6, ¤g = 0 deg].

Fig. 7 In� uence of ply angle on the response of µ̂x(´ = 1, ¿ ) to a
sharp-edged gust [#: deg; other parameters: (MFlight )n = 2.5, AR = 6,
¤g = 0 deg].

directionality property of composite materials used here plays a
dramatic in� uence on the response amplitudes related to bending,
twist, and transverse shear. No structural damping is considered,
and the damping is entirely of aerodynamic nature.

Figures 8 and 9 display the in� uence of warping restraint on
the response of a wing exposed to a sharp-edged gust, and Fig. 10
displays the in� uence of warping restraint on the response of the
wing exposed to a sonic boom. The corresponding parameters are
shown within these � gures. It is shown that subjected to the sharp-
edged gust the amplitude of the steady response predicted by the
warping restraint model can be 25% less than that predicted by the

Fig. 8 Warping restraint effect on the response of a wing to a sharp-
edged gust [(MFlight )n = 1.5, /456/, AR = 6, ¤g = 0 deg].

Fig. 9 Warping restraint effect on the response of a wing to a sharp-
edged gust [(MFlight )n = 1.5, /756/, AR = 6, ¤g = 0 deg].

Fig. 10 Warping restraint effect on the response of a wing to a sonic
boom[(MFlight )n = 1.5, /456/, AR = 6, ¤g = 0 deg, P̂m = 10¡3, r = 2, ¿ p = 40;
sonic-boom pulse is included in the inset].

free-warping counterpart. However, considering warping restraint
effect does not always lead to the overall stiffeningresults, as shown
by Fig. 11. The overall destiffening phenomenon is caused by the
interactionbetweenwarping restraintstiffeningeffectand the elastic
coupling. Speci� cally, free-warping assumption tends to decrease
the twist stiffness.However, the in� uence of elastic couplingon the
twist stiffness in the case of /1356/ layup outweighs this decrease.
Interestingly enough, for the static aeroelastic response a similar
phenomenonwas reportedwhen a plate-beamwing model was used
in Ref. 35.
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Table 5 In� uence of � ight speed on the steady-state response
to a sharp-edged gust

.MFlight/n Ow0.´ D 1; ¿ ! 1/ OÁ.´ D 1; ¿ ! 1/ Oµx .´ D 1; ¿ ! 1/

1.5 0.391 0.060 ¡0.176
2.0 0.464 0.071 ¡0.207
2.5 1.09 0.168 ¡0.491
2.6 1.458 0.225 ¡0.656
2.8 12.073 1.886 ¡5.515
2.88 Divergence Divergence Divergence
3.0 Divergence Divergence Divergence

Fig. 11 Warping restraint effect on the response of a wing to a sharp-
edged gust [(MFlight )n = 1.5, /1356 /, AR = 6, ¤g = 0 deg].

Fig. 12 Transverse shear effect on the response of a wing to a sharp-
edged gust [(MFlight )n = 1.5, /756/, AR = 6, ¤g = 0 deg].

Figures 12 and 13 display the in� uence of transverseshear on the
response of a wing exposed to a sharp-edged gust and to a sonic
boom, respectively.Compared with the warping restraint effect, the
effect of transverse shear on the response of the selected wing is
much weaker.

Table 5 shows the in� uence of � ight speed on the steady-state
response to a sharp-edged gust. The related parameters are /456/,
AR D 6, 3g D 0 deg. Between the � ight Mach numbers 2.8 and 2.88,
there exists a divergence instability onset for the selected wing.
Directly using the divergence instability analysis, we get the diver-
gence speed .MD /n D 2:877 (see Table4). Because static divergence
and � utter instabilities are simultaneously addressed in this model,
it is concluded that for the selected wing con� guration (AR D 6,
/456/, 3g D 0 deg), the static divergence speed is lower than the
� utter speed. This phenomenon is consistent with a trend reported
in Ref. 36, which shows that for some speci� c wings and in the
backward � ber sweep quadrant, that is, # in [0, 90] deg, the diver-
gence instability is more critical than � utter instability. Figure 14
displays the time history of the response to a sharp-edged gust for
various � ight Mach numbers. When .MD/n D 3:0, the wing is al-
ready in the state of aeroelastic divergence instability.

Fig. 13 Transverse shear effect on the response of a wing to a sonic
boom [(MFlight )n = 1.5, /756/, AR = 6, ¤g = 0 deg, P̂m = 10¡3 , r = 2, ¿p = 40;
sonic-boom pulse is included in the inset].

Fig. 14 Dynamic aeroelastic response of a wing to a sharp-edged gust
for different � ight speeds (/456/, AR = 6, ¤g = 0 deg).

Conclusions
The problems of static divergence, � utter, and dynamic aero-

elastic response of composite aerovehicle wings modeled as
anisotropicthin-walledbeams in a supersonic� ow� eld and exposed
to selected gust and blast loads have been approached in a uni� ed
way. Based on this well-encompassingaeroelasticmodel developed
here, the implications of ply orientation, sweep angle, aspect ratio,
warping restraint, and transverse shear on the divergence and dy-
namic aeroelastic response are speci� cally investigated.It is shown
that the directionality properties featured by advanced composite
materials can play a signi� cant role toward the passive control of
both static divergence and dynamic aeroelastic response of aero-
vehicle wings. Warping restraint has a signi� cant in� uence on both
the divergence and dynamic response on the selected wing con-
� gurations, and the trend illustrated in the numerical simulations
reveals that the lower the aspect ratio, the more prominent its in-
� uence becomes. As a result, warping restraint effect has always
to be included when addressing the aeroelastic behavior of super-
sonic aerovehicles. Compared with the warping restraint effect on
the static divergence and response, the in� uence of transverse shear
appears to be much weaker. The validation reveals a good agree-
ment of the predictions between the current model and those from
the specialized available literature.

The present study can be used for predesign and optimization of
such type of aerovehicle wings in supersonic � ow� eld.

Appendix A: Expressions of One-Dimensional Stiffness
and Mass Terms

Listed next are the global stiffness quantities ai j .D a ji / related to
the problem addressed in this paper:
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The inertia coef� cients in Eqs. (23–26) are de� ned as
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h.k¡ /

½.k/.1; n2/ dn

where h.kC/ ¡ h.k¡/ is the thickness of the kth layer and ½.k/ is the
mass density of the kth layer.

The stress resultants Nyy , Nsy and stress couples L yy , Lsy are
de� ned as

.N yy ; Nsy ; L yy ; Lsy / ´
m lX

k D 1

Z

h.k/

.¾ss; ¾sy; ¾yyn; ¾syn/ dn

Appendix B: De� nitions of Matrices in Eqs. (27) and (28)
and of Nondimensional Parameters

Matrices in Eqs. (27) and (28) are de� ned as
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DRc
2 D 42T

w

Z 1

0

Oªw
Oª

T

w d´£w; DRcq
1 D £T

w

"
4 tan 3e

AR

Z 1

0

Oªw
Oª

0T
Á d´£Á

#
; DRcq

2 D 4£T
w

Z 1

0

Oªw
Oª

T

Á d´£Á

DScM
1 D £T

Á

"
4 tan 3e

AR

Z 1

0

OªÁ
Oª

0T
Á d´£w ¡ 2

Z 1

0

OªÁ
Oª

T

Á d´£Á

#
; DScM

2 D 4£T
Á

Z 1

0

OªÁ
Oª

T

w d´£w

DScMq
1 D £T

Á

"
4 tan 3e

AR

Z 1

0

OªÁ
Oª

0T
Á d´£Á

#

; DRcMq
2 D 4£T

Á

Z 1

0

OªÁ
Oª

T

Á d´£Á

NMs D
Z 1

0

2

6664

Oªw
Oª

T

w 0 0

0 OIt
OªÁ

Oª
T

Á C OIw
Oª

0
Á

Oª
0T
Á 0

0 0 Or 2 Oªx
Oª

T

x

3

7775 d´

NKs D
Z 1

0

2

666664

4

AR2
Oª

0
w

Oª
0T
w

2

AR
¹1c14

Oª
0
w

Oª
00T
Á

2

AR
Oª

0
w9T

x

4

AR2
¹1¹2

Oª
00
Á

Oª
00T
Á C ¹1c12

Oª
0
Á

Oª
0T
Á ¹1c14

Oª
00
Á

Oª
T

x C ¹1c13
Oª

0
Á

Oª
0T
x

symm
¡

¹1
Oª

0
x

Oª
0T
x C Oªx

Oª
T

x

¢

3

777775
d´

In the precedingexpressions Oªw.´/, OªÁ .´/, and Oªx .´/ are shape
function vectors (with dimension N ) that are required to only ful-
� ll the geometric boundary conditions. For the model incorpo-
rating both the warping restraint and transverse shear (WR C TS
model), Oªw.´/ D [´; ´2; : : : ; ´N ]T , OªÁ .´/ D [´2; ´3; : : : ; ´N C 1]T ,
Oªx .´/ D [´; ´2; : : : ; ´N ]T are adopted in this paper. £w , £Á , £x

are N £ m eigenvectors, and £ ´ [£T
w £T

Á £T
x ]T .

Nondimensional parameters used in the preceding equations are

¹0 D
b1

¼½1.2b/2
; ¹1 D

a33

a55 L2
; ¹2 D

a66

a33.2b/2

Or D
r

.b4 C b14/

b1 L2
; c12 D

a77

a33
; c13 D

a37

a33
; c14 D

a56

a33

OIt D .b4 C b5/

.2b/2b1
; OIw D .b10 C b18/

L2.2b/2b1
; kr D

a55

4b1U 2
n

Matrix Kae in Eq. (29) is de� ned as

Kae D

Z 1

0

2

66664

2

¼

tan 3e

AR
Oªw

Oª
0T
w ¡ 1

¼
Oªw

Oª
0T
Á ¡ tan 3e

¼AR
Oªw

Oª
0T
Á 0

¡ tan3e

¼AR
OªÁ

Oª
0T
w

1

2¼
OªÁ

Oª
T

Á C 2

3¼

tan 3e

AR
OªÁ

Oª
0T
Á 0

0 0 0

3

77775
d´

Acknowledgments
The authors gratefully acknowledge the very constructive com-

ments from the anonymous referees and the Associate Editor.

References
1Shirk, M. H., Hertz, T. J., and Weisshaar, T. A., “Aeroelastic Tailoring–

Theory, Practice and Promise,” Journal of Aircraft, Vol. 23, No. 1, 1986,
pp. 6–18.

2Librescu, L., and Song, O., “On the Static Aeroelastic Tailoring of Com-
posite Aircraft Swept Wings Modeled as Thin-Walled Beam Structures,”
Composites Engineering, Vol. 2, No. 5–7, 1992, pp. 497–512.

3Jung, S. N., Nagaraj, V. T., and Chopra, I., “Assessment of Composite
Rotor Blade Modeling Techniques,” Journal of the American Helicopter
Society, Vol. 44, No. 3, 1999, pp. 188–205.

4Song, O., “Modeling and Response Analysis of Thin-Walled Beam
Structures Constructed of Advanced Composite Materials,” Ph.D. Disser-
tation, Dept. of Engineering Science and Mechanics, Virginia Polytechnic
Inst. and State Univ., Blacksburg, VA, Nov. 1990.

5Smith, E. C., and Chopra, I., “Formulation and Evaluation of an Ana-
lytical Model for Composite Box-Beams,” Journal of American Helicopter
Society, Vol. 36, No. 3, 1991, pp. 23–35.

6Reh� eld, L. W., “Design Analysis Methodology for Composite Rotor
Blades,” 7th DoD/NASA Conference on Fibrous Composites in Structural
Design, AFWAL-TR-85-3094, June 1985, pp. (v(A)-1)–(v(A)-15).

7Librescu, L., and Song, O., “Behavior of Thin-Walled Beams Made of
Advanced Composite Materials and Incorporating Non-Classical Effects,”
Applied Mechanics Reviews, Vol. 44, No. 11, Pt. 2, 1991, pp. S174–S180.

8Song, O., and Librescu, L., “Free Vibration of Anisotropic Composite
Thin-Walled Beams of Closed Cross-Section Contour,” Journal of Sound
and Vibration, Vol. 167, No. 1, 1993, pp. 129–147.

9Na, S. S., “Control of Dynamic Response of Thin-Walled Composite
Beams Using Structural Tailoring and Piezoelectric Actuation,” Ph.D. Dis-
sertation,Dept. of EngineeringScience and Mechanics, VirginiaPolytechnic
Inst. and State Univ., Blacksburg, VA, Sept. 1997.

10Kim, C., and White, S. R., “Thick-Walled Composite Beam Theory
Including 3-D Elastic Effects and Torsional Warping,” InternationalJournal
of Solids and Structures, Vol. 34, No. 31–32, 1997, pp. 4237–4259.

11Bhaskar, K., and Librescu, L., “A Geometrically Non-Linear Theory
for Laminated Anisotropic Thin-Walled Beams,” International Journal of
Engineering Science, Vol. 33, No. 9, 1995, pp. 1331–1344.

12Suresh, J. K., and Nagaraj, V. T., “Higher-Order Shear Deformation
Theory for Thin-Walled Composite Beams,” Journal of Aircraft, Vol. 33,
No. 5, 1996, pp. 978–986.

13Wu, X. X., and Sun, C. T., “Vibration Analysis of Laminated Composite
Thin-Walled Beams Using Finite Elements,” AIAA Journal, Vol. 29, No. 5,
1991, pp. 736–742.

14Berdichevski, V. L., Armanios, E., and Badir, A., “Theory of
Anisotropic Thin-Walled Closed Cross-Section Beams,” Composite Engi-
neering, Vol. 2, No. 5–7, 1992, pp. 411–432.

15Chandra, R., and Chopra, I., “Structural Response of Composite Beams
and Blades with Elastic Couplings,” Composites Engineering, Vol. 2,
No. 5–7, 1992, pp. 347–374.

16Karpouzion, G., and Librescu, L., “Nonclassical Effects on Divergence
and Flutter of Anisotropic Swept Aircraft Wings,” AIAA Journal, Vol. 34,
No. 4, 1996, pp. 786–794.

17Qin, Z., and Librescu, L., “On a Shear-Deformable Theory of
Anisotropic Thin-Walled Beams: Further Contribution and Validation,”
Journal of Composite Structures, Vol. 56, No. 4, 2002, pp. 345–358.

18Bisplinghoff, R. L., Ashley, H., and Halfman, R. L., Aeroelasticity,
Dover, New York, 1996.



QIN, LIBRESCU, AND MARZOCCA 173

19Singh, R., and Baeder, J. D., “Direct Calculation of Three-Dimensional
Indicial Lift Response Using Computational Fluid Dynamics,” Journal of
Aircraft, Vol. 34, No. 4, 1997, pp. 465–471.

20Leishman, J., “Indicial Lift Approximationsfor Two-Dimensional Sub-
sonicFlowas Obtained from Oscillatory Measurements,” JournalofAircraft,
Vol. 30, No. 3, 1993, pp. 340–351.

21Marzocca, P., Librescu, L., and Chiocchia, G., “Aeroelastic Response of
a 2-D Airfoil in a Compressible Flow Field and Exposed to Blast Loading,”
Aerospace Science and Technology, Vol. 6, No. 4, 2002, pp. 259–272.

22Leishman, J. G., “Validation of Approximate Indicial Aerodynamic
Functions for Two-Dimensional Subsonic Flow,” Journal of Aircraft,
Vol. 25, No. 10, 1988, pp. 914–922.

23Silva, W. A., “Application of Nonlinear Systems Theory to Transonic
Unsteady Aerodynamic Responses,” Journal of Aircraft, Vol. 30, No. 5,
1993, pp. 660–668.

24Silva, W. A., “Dicrete-Time Linear and Nonlinear Aerodynamic Im-
pulse Responses for Ef� cient (CFD) Analysis,” Ph.D. Dissertation, Dept. of
Applied Science, College of William and Mary, Williamsburg, VA, 1997.

25Qin, Z., Marzocca, P., and Librescu, L., “Aeroelastic Instability and Re-
sponse of Advanced Aircraft Wings at Subsonic Flight Speeds,” Aerospace
Science and Technology, Vol. 6, No. 3, 2002, pp. 195–208.

26Marzocca, P., Librescu, L., and Chiocchia, G., “Aeroelastic Response of
2-D Lifting Surfaces to Gust and Arbitrary Explosive Loading Signatures,”
International Journal of Impact Engineering, Vol. 25, No. 1, 2001, pp. 41–
65.

27Librescu, L., and Na, S. S., “Dynamic Response of Cantilevered Thin-
Walled Beams to Blast and Sonic-Boom Loadings,” Shock and Vibration,
No. 5, 1998, pp. 23–33.

28Meirovitch,L., Principles and Techniques of Vibrations, Prentice–Hall,
Upper Saddle River, NJ, 1997, pp. 189–194, 206–210.

29Librescu, L., Meirovitch, L., and Song, O., “Re� ned Structural Model-
ing for Enhancing Vibrations and Aeroelastic Characteristics of Composite
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